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where
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el

Since n'(w) = ny f'(w) < 0, Corollary 1 implies that the positive equilibrium is
(locally asymptotically) stable 'if

m

p

wif'w)

|’ W)|xy = be

1-p

is sufficiently small, i.e. if w is sufficiently small or (by (30)) sufficiently large.
(In [26] it is proved that the positive equilibrium ¥* is stable if 0 > n'(w*)x*, >
—p.)

6 DISCUSSION

The magnitude of the “inherent” net reproductive number n (0) (often denoted
Ry in the literature) determines the (local) stability properties of the trivial equi-
librium % = 0 of the nonlinear matrix equation (13) [5],[7]. At a nontrivial
equilibrium X, however, the net reproductive number n(x) always equals one and
therefore its magnitude cannot be used to determine the stability properties of
the equilibrium. In this paper we have investigated the relationship between
nontrivial equilibrium stability and the variation of n near the equilibrium. In our
main result we showed in Theorem 1, for models in which the nonlinear depen-
dence is through a dependence on a weighted total population size w = W'X, that
the inequality n'(w) < 0 is necessary for the (local asymptotic) stability of a
positive equilibrium. Although the converse of this result is false, Theorem 4
gives conditions under which n’'(w) < 0 implies (local asymptotic) stability of a
positive equilibrium.

The nonlinearities in most matrix population models appearing in the litera-
ture do in fact arise through a dependence on a weighted total population size w.
Some, however, do not and it is natural to ask whether our main result in
Theorem 1 can be generalized to the matrix equation (2) when F = F(X) and P
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= P(%). One natural conjecture for a generalization of Theorem 1 is that Vin(%)
= 0 is a necessary condition for the stability of a positive equilibrium % of
equation (2). The following example shows that this conjecture is, however,
false.
Consider the two dimensional, nonlinear Leslie matrix equation with fertility
and transition matrices

9 xtx—2 1
F(xpx,) = (Eexoo 10)

0 0
P(xg.x)) = L =T0=D) 1 =#n-D) |-

5]
~

This matrix equation has the positive equilibrium (xg, x;) = (1, 1). The Jacobian
evaluated at this equilibrium

201
Ji 1= 53 \

has eigenvalues A = —3-0 + -21-1 111 whose magnitudes

A = 20 * = LV = —\/_0 are less than one. Thus, the positive equilibrium
(1, 1) is locally asymptotlcally stable. The net reproductive number is given by

1 1
= _eJ‘o+X1 A -y €l ) P S—
n{xox) = AT | — ¢~¥uD

from which the gradient at the equilibrium can readily be calculated to be
11
V1)) = (5.3}
a1 =53

Thus, it is seen that Vin < 0 is, in general, not necessary for (local asymptotic)
stability.
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It would be interesting to determine additional conditions under which V;n =
Oisa necessary condition for equilibrium stability.

As a final remark, we point out a connection between the net reproductive
number n and the “population growth rate” A = A(X), defined as the dominant
eigenvalue of the (nonnegative and irreducible) projection matrix A(X). If p =
g(x) is the associated eigenvector, a partial differentiation of A(X)g(X) = A(X)g(X)
yields

dA. . 83 . . . 83
M+ AM =Ry Y
ax " Pax, T N,

When X is an equilibrium, A(X) = 1 and g(X) = X, and this equation, after an
inner product by the left eigenvector & = &" (%) of A(¥), yields

7 dA(D) 3
a _ ax;
ax; ux

This formula, together with (11), gives

O\ _ @ F@)% on

ax; W ox;

In the case of dependence on weighted total population size A = A(w), this
formula in turn yields the relationship

Now) = LR )
ux

between the derivatives A'(w) and n'(w) at equilibrium. Thus, these two deriva-
tives have the same sign and N'(w) can replace n'(w) in our theorems. For
example, by Theorem 1, M'(w) < O is a necessary condition for equilibrium
stability. One advantage of working with the net reproductive rate n is that
explicit formulas can often be obtained for it in terms of the entries in the
fertility and transition (e.g. see (17) for nonlinear Usher models)[7]; such for-
mulas for \ are unavailable.
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7 APPENDIX

7.1 The proof of Theorem 1

The positive equilibrium ¥ is a right eigenvector belonging to the eigenvalue 1
of the irreducible projection matrix A(X). Thus, 1 is dominant and simple; thus,
if ¥ satisfies A(F)p = v # 0, then ¥ = ci for some constant ¢ # 0. The irreduc-
ibility of the matrix A also implies that there exists a positive left eigenvector i,
such that i" A = #". If a vector 5* # O satisfies the equation y* A = ¥, then there
exists a nonzero constant d, such that y* = di’".

Define the column vectors #; = (5,0,8;1,.--48;) for i = 0,1,...,m. The vector 7,
is the transpose of the i row vector of the cofactor matrix S. By using the
properties of determinants it is readily verified that, if nonzero, the vector 7; is a
right eigenvector belonging to eigenvalue 1 of the matrix A. Similarly, if non-
zero, the row vectors <5; = (sopS - --Spy) for j = 0,1,...,m are left eigenvectors
belonging to the eigenvalue 1 of the matrix A. The vector <, is the transpose of
the j/* column vector of the matrix S.

By the assumption that s; > 0 for all i it follows that both 7; and <s; are
nonzero and are eigenvectors. Thus, 7, = ¢ and &5, = djii. From the first

. Sio Soj
components, we obtain ¢; = — and d; = — and hence

Xo u,
. S0 - - Soj -
r=E—=x L=—u
Xp Uy
Thus,
ere W
WT ri _=— sio.
X0

By using appropriate column operations a straight forward calculation shows
m
det( —J) =det(l = A) + > w,detA’,
k=0

where A', is a (m + 1) X (m + 1) matrix I — A with its ¥ column replaced
by the column vector ~h = —A’X. Using the fact that at equilibrium, det(/ —
A) = 0 and by expanding the determinant det A’ by its ¥* column, we obtain
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det( —J) = — kEO wk,gﬁ hsp = — 20 ( A Wksjk) h;

= j=0 \k=
m m
w
OT-O
=Y Wih=——3s
= Jhl x()j‘o,ohj
we W oL
=——Ih=-—1[AX
xO xO
wSoo, .
== ——0uA'x
Xo U,

From the formula in (14) we obtain finally that

i Fiw)i
det —J) = — %;(_w_)x n'(w) 32)

The characteristic equation det(\I — J) of the linearized model (18) is a poly-
nomial of degree m + 1, and the coefficient of the highest term A™ * ! is 1.
Therefore, if n'(w) > 0, (32) implies that det(J — J) < 0 and consequently there
exists at least one real eigenvalue A which is larger than 1. This proves that the
positive equilibrium X of (13) is unstable.

7.2 Proof of Theorem 2

Assume that n'(w) > 0. Then the dominant eigenvalue n((1 + &)w) of the matrix
R(e) = (I — P((1 + )W)~ ! F((1 + &)w) is greater then 1 if € > 0 is sufficiently
small, Therefore, the dominant eigenvalue \(g) of A(g) = F((1 + ew) + P((1
+ £)w) is also greater than 1 when & > 0 is sufficiently small.[7] Let ¥(¢) be the
corresponding eigenvalue to A(g), i.e.

A(e)V(e) = N(e)¥(e).
If in this equation we substitute the expansions

Me)=1+Ne+- -
We)=X+Ve+- - -
A(e) = Aw) + wA’(We + - - -

and equate the first order & coefficients, we obtain
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(AW) — D ¥, = N, — wA'(w)#

which has a solution if and only if the right hand side is orthogonal to the left
eigenvector X' of A(w). Without loss in generality we assume that X is a unit
vector, i.e. #'# = 1, Thus,

T Arr s
u A'(w)x

ux

A=

The fact that A(e) > 1 for small € > 0 implies that 8 = &"A'(w)X > 0. From the
formula J(w) = A(w) + A’(w)xw" for the Jacobian we obtain

W=uA+uA'xw" =u =6

and

TIa=1+200"+ 0% w> 1. (33)

The normality of the matrix J implies that the matrix J'J is symmetric and
therefore has real eigenvalues (and a complete set of orthogonal eigenvec-
tors).[12] It follows form (33) that the matrix JJ™ has at least one eigenvalue A,
> 1. If we let Z(0) be the eigenvector corresponding to A, of matrix J* J, then the
resulting solution of the linearized equation Z(t + 1) = JZ(¢) is exponentially
unbounded; specifically

lim Z()7%(f) = lim A{Z° (0)Z(0) = +°.
t—® 1=

Thus, the positive equilibrium of (13) is unstable.

7.3 Proof of Theorem 3

The Jacobian J of the linearized model at x has the form (18)

Jw) = A(w) + A'(w)xw"

Let #" be the unit left positive eigenvector corresponding to eigenvalue 1 of
matrix A(w)) and define & = |A'(w)xl. Recall from (14) that
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_ WA (w)x

n'(w) .
# F(w)x

The positive equilibrium X is an eigenvector of A(w) associated with eigenvalue
1. The irreducibility and primitivity of matrix A(w) implies that 1 is a strictly
dominant, simple eigenvalue [13]. From the formula for J it follows that if £ is
sufficiently small J has a strictly dominant, simple eigenvalue A\, near 1. Let y*
be the left unit eigenvector of matrix J corresponding to A,; that is

¥ AW) + T AW = N,y
As ¢ — 0, note that J — A and y — #". From this equation subtract
AW =i
to obtain
G- dYAW) + T AW =N -V +§ — it
or
G- AW —D =N\~ Dy —F A (win".

The singularity of A(w) — I requires that the right hand side by orthogonal to the
right nullspace of A(w) — 1, i.e. orthogonal to the equilibrium . This yields

O\, = D)F7 % = 57 A' Wi #

or

T AW

A, — 1
b 5
Thus, for ¢ sufficiently small
o A1y et -t N
A = 1 Uk A'(w)xw x=n,(w)u Fw)xw'x

T . -7 -

ux ux
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and the sign of N\, — 1 is the same as that of n’(w). If n'(w) > O then A, > 1 and
the equilibrium % is unstable. On the other hand if n’(w) < 0 then the dominant
eigenvalue A, of the Jacobian J is less than 1 and the equilibrium X is (locally
asymptotically) stable. This proves the theorem.
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